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Poisson Pulse Processes
In contrast with a point process, a pulse process includes information about the duration
and intensity of an occurrence. For this reason, each occurrence is referred to as a
“pulse.” The variation of the intensity within an occurrence can take a variety of shapes,
such as the ones shown in Figure 1 (Wen 1990). Each pulse process has only one of the
pulse types shown in Figure 1, but the pulses within a realization of a process are usually
different in duration and maximum intensity.
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Figure 1: Possible shapes of the “pulse” within an occurrence in a pulse process.

The left-most pulse type in Figure 1 is assumed in the following, because it is most
common in practical applications. This constant-intensity pulse type is also employed
because it readily facilitates the modelling of loads that are “always on,” but with sudden
changes in the load intensity. An example of such a process is shown in Figure 2; other
details in this figure will be described shortly.
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Figure 2: Realization of a Poisson pulse process that is “always on.”

While a Poisson point process is characterized by one parameter, the rate, three quantities
are needed to define a Poisson pulse process. To understand this model it is useful to
think of an underlying Poisson point process with rate denoted by ν. Occurrences of this
process are shown by solid circles in Figure 2. For each of these occurrences, the
intensity value is “drawn” from the probability distribution at the right-hand side of
Figure 2. This is because the intensity of an occurrence, denoted by S, is represented by a
random variable, which is usually continuous. A generic probability distribution for S is
shown in the right-hand side of Figure 2. For this process, which is always on, every
occurrence of the underlying Poisson point process is associated with a change in the
intensity. A different case is shown in Figure 3, where the process is “intermittent.” In
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this case, the probability distribution for S has two components: 1) An ordinary PDF with
area po, and 2) a lumped probability mass equal to 1–po at s=0. Therefore, when the
intensity is drawn from this distribution then there is a probability equal to 1–po that the
intensity is zero. As a result, several of the occurrences of the underlying processes in
Figure 3 are associated with zero intensity. In contrast, for the process in Figure 2, which
is always on, each occurrence of the underlying process is associated with an actual
change in the intensity.
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Figure 3: Realization of an intermittent Poisson pulse process.

In passing, it is noted that the PDF at the right-hand side of Figure 3, which is referred to
as the “arbitrary point in time” (APIT) distribution, is written
f (s) = (1− po ) ⋅ δ (s) + po ⋅ fY (s)

(1)

where δ(s) is Dirac’s delta function and fY(s) is the probability distribution for the
auxiliary random variable Y, which is the intensity of non-zero occurrences. As a result,
the corresponding CDF is:
F(s) = (1− po ) ⋅ H (s) + po ⋅ FY (s)

(2)

where H(s) is the Heaviside function. Although the three quantities ν, po, and f(s)
represent a complete description of a Poisson pulse process, there are alternative
representations that are often preferred. In particular, for intermittent processes it is
common to employ the rate of occurrence of non-zero intensities. This is another Poisson
point process, with rate denoted by λ. Occurrences of this process are identified by
slanted arrows in Figure 3. Because the probability is po of non-zero intensity at every
occurrence of the underlying process with rate ν, the rate of the new point process is:

λ = po ⋅ ν

(3)

Furthermore, it is common to work with the mean duration of the pulses, µd. From
knowledge of Poisson point processes, this quantity, which is equal to the mean time
between occurrences of the underlying process with rate ν, is:

µd =
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In summary, a Poisson pulse process is uniquely described by f(s) together with any
pairing of the parameters ν, λ, po, and µd. A particularly telling parameter is po, which by
combination of Eqs. (3) and (4) can be written:

po = λ ⋅ µd

(5)

This quantity is tells how frequent the process is “on.” If λµd=1 then the process is
always on. Conversely, if λµd is substantially smaller than unity then the pulses are either
infrequent or brief, or both.

Lifetime Maximum
While the APIT distribution describes the intensity at any point in time, an equally
important parameter in practical design is the “lifetime” maximum intensity of a pulse
process. In the following, the random variable R denotes this quantity for a time period
equal to T. By denoting the number of occurrences in T by x, the theorem of total
probability yields the following CDF for R:
∞

FR (r) = ∑ P(R ≤ r | x occurrences)⋅ P(x occurrences)

(6)

x=0

Given independence in the occurrence of intensity changes, the first factor is obtained
directly from the APIT distribution:

P(R ≤ r | x occurrences) = ( FS (r))

x+1

(7)

because with x occurrences in the underlying Poisson process there are x+1 intensities to
take into account, including both ends of the process. The second factor in Eq. (6) is
obtained directly from the underlying Poisson process, with rate ν:

P(x occurrences) =

(ν ⋅T )x
exp ( −ν ⋅T )
x!

(8)

By pulling factors that are independent of x outside the summation, Eq. (6) becomes:

(ν ⋅T )x
FR (r) = FS (r)⋅ exp ( −ν ⋅T ) ⋅ ∑ ( FS (r)) ⋅
x!
x=0
∞

x

(9)

It is next recognized that the summation is a series expansion of an exponential function:

(FS (r)⋅ ν ⋅ T )x
= exp ( FS (r)⋅ ν ⋅ T )
∑
x!
x=0
∞

(10)

As a result, Eq. (6) condenses to:

FR (r) = FS (r)⋅ exp ( −ν ⋅T ) ⋅ exp ( FS (r)⋅ ν ⋅ T )
= FS (r)⋅ exp ( −ν ⋅T (1− FS (r)))
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This probability distribution for the life-time maximum value is further refined by
introducing the expression for the APIT distribution in Eq. (2), which according to the
previous discussion can be written:
FS (s) = (1− λ ⋅ µd ) ⋅ H (s) + λ ⋅ µd ⋅ FY (s)

(12)

By also replacing ν by 1/µd in Eq. (11) according to Eq. (4) for uniformity of notation, as
well as substituting Eq. (12), Eq. (11) reads:
FR (r) = FS (r) ⋅exp ( −T / µ d (1− FS (r)) )
⎛ T
⎞ (13)
= ⎡⎣(1− λµ d )H (r) + λµ d FY (r) ⎤⎦ ⋅exp ⎜ − ⋅ ⎡⎣1− H (r) + λµ d H (r) − λµ d FY (r) ⎤⎦⎟
⎝ µd
⎠

For r>0, i.e. for threshold above zero intensity the Heaviside function is unity, thus:

(

FR (r) = ⎡⎣1− λµ d + λµ d FY (r) ⎤⎦ ⋅exp −T λ ⎡⎣1− FY (r) ⎤⎦

)

(14)

Furthermore, for high thresholds, i.e., large values of r, the CDF FY(r) is close to unity,
which leads to the following approximation (Wen 1990):

(

FR (r) ≈ exp −T λ ⎡⎣1− FY (r) ⎤⎦

)

(15)

This expression for the CDF for the lifetime maximum intensity is often employed in
practice because many reliability applications deal with rare failure, i.e., high values of r.
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